Abstract. We revisit the construction of generic Lorentz-invariant massive gravity models and clarify the structure of their higher order self-interactions. We explicitly construct a nonredundant expansion for these models and confirm that ghost-free (dRGT) massive gravity is the unique two-parameter family of Lorentz-invariant massive gravity theories with a strong coupling scale not lower than Λ 3 = (M P m 2 ) 1/3 . We then discuss the so-called minimal model and whether the strong coupling scale can be raised in such a setup. We find that there are always scalar-tensor interactions beyond the Λ 3 decoupling limit at a scale arbitrarily close to Λ 3 , establishing that Λ 3 is effectively the maximal strong coupling scale for generic Lorentzinvariant massive gravity models, even in the absence of vector modes.
Introduction
There has been much interest recently in non-linear theories of massive spin-2 fields. This is centred around the dRGT (de Rham, Gabadadze, Tolley) construction of a two-parameter family of massive gravity theories [1, 2] , which generalises the linearised Fierz-Pauli theory [3] and have been shown to be ghost-free to all orders [4] [5] [6] [7] [8] [9] . See [10, 11] for reviews of massive gravity. In this paper we revisit the general massive gravity construction of [1] and strong coupling scales in generic massive gravity models. This scale is of primary importance, typically controlling both the regime of validity of the effective field theory in question as well as the classical (Vainshtein) scale where non-linear interactions become important.
The original dRGT massive gravity construction made use of the Stückelberg formalism in the effective field theory formalism for massive gravitons [12] (see also [13] [14] [15] ) to identify the tuning needed to raise the low-energy cutoff of the theory, which also automatically takes care of the Boulware-Deser ghost [16] . Also see [17] [18] [19] for related constraint analyses. This family of theories, re-summed in [2] , generically contains interaction terms suppressed by the lowest energy scale Λ 3 = (M P m 2 ) 1/3 . However, for a particular set of parameter values, the co-called 'minimal model' [1, 20] , the scalar-tensor interactions in the Λ 3 decoupling limit all vanish, so it is unclear what is the strong coupling scale of this theory (ignoring vector terms-an assumption whose validity we discuss below).
The purpose of this paper is twofold: firstly we revisit and clarify the construction of generic Lorentz-invariant massive gravity models, their strong coupling scales and regimes of validity. Secondly we focus on the minimal model in particular. Following on from the analysis of [21] , where interaction terms in the minimal model were investigated for a number of particular background solutions, we here compute explicit interactions for this model in the full action.
The outline is as follows: after reviewing the setup for generic models of massive gravity in Section 2, we discuss and clarify the structure of the effective field theory expansion of the dRGT massive gravity potential at higher orders in Section 3. We point out an effective field theory expansion without redundancies, and we explicitly write down the coefficients in this expansion up to sixth order. In Section 4, we use this result and the re-summed theory to show that the minimal model of massive gravity contains scalar-tensor interactions suppressed by energy scales arbitrarily close to Λ 3 . We conclude in Section 5.
The setup: A generic massive gravity theory
Adding a Lorentz-invariant mass term (i.e. any non-derivative, potential-like self-interaction) to Einstein gravity requires introducing a non-dynamical absolute metric 1 , g (0)
µν , since no potential interactions other than a cosmological constant can be built using only a metric and its inverse. Since g (0)
µν does not transform as a rank-2 tensor, this explicitly breaks diffeomorphism invariance of the action. Here we revisit the construction of Lorentz-invariant massive gravity theories with general potential interaction terms. These interactions will also be the most relevant ones at low energies when compared to higher order derivative interactions. Adding a general potential then gives the action
where
µν is the (massive) spin-2 field. For the rest of this paper we consider a flat non-dynamical reference metric, g (0) µν = η µν , although dRGT massive gravity can be generalised to general reference metrics [23] (see, e.g. [24] for a de Sitter reference metric).
The potential
A general potential can be expanded order-by-order as
where the individual orders are given by 2
where angled brackets denote tracing with the dynamical metric, e.g.
At each order, n, the number of terms in the above expansion of the potential is equal to the number of distinct integer partitions of n, p(n), so that it appears as if each potential is defined by an infinite number of parameters, n p(n). As we note later, there is a redundancy in this parameterisation and consequently the number of independent terms is less than this representation implies, although still infinite. The Fierz-Pauli theory [3] is given by the lowest (quadratic) order part of (2.1) with the parameter choice b 2 = −b 1 . This tuning is required to ensure that at lowest order, i.e. in the linear theory, there is no propagating ghost degree of freedom around a flat background.
The Stückelberg trick and degrees of freedom
The Stückelberg trick [12, 25, 26] allows one to re-introduce diffeomorphism invariance into the action at the expense of adding additional fields. In particular, we add four fields, Y A , in the combination 5) and impose that the Y A transform as scalars under diffeomorphisms. The combination H µν then transforms as a rank-two tensor under diffeomorphisms and we can define a diffeomorphism invariant version of the action (2.1) by making the replacement h µν (x) → H µν (x) in the potential term 3 . The resultant theory has the same dynamical content as the original one, as can be seen by choosing the unitary gauge Y A = x A , which eliminates the additional fields introduced by the Stückelberg trick. However, this replacement is useful for separating the different helicity degrees of freedom of the theory and making their interaction scales explicit. To see this, one first writes Y µ = x µ − A µ , where we have switched to Greek indices in anticipation of the fact that the four fields A µ will, in the decoupling limit (see section 4), transform as the components of a Lorentz four-vector [6] . By further replacing A µ with A µ + ∂ µ φ, we introduce the field φ, which will transform as the helicity-0 component of the graviton in the decoupling limit. The net effect of this replacement is then to replace h µν in the potential term (not including √ −g or g µν ) with
(2.6) An equivalent representation of a generic massive gravity theory [20] , which is manifestly diffeomorphism invariant and useful for writing down the re-summed theories, is to work directly in terms of the rank-two tensor field
and to construct the potential out of scalar functions of the tensor g µα f αν . Note that we could have introduced the Stückelberg degrees of freedom in a different way, e.g. via Stückelberg transforming g µν instead of the background metric [10] .
Interaction scales
After making the Stückelberg replacement and expanding the metric terms in the potential using h µν = g µν − η µν , the action (2.1) consists of kinetic and potential interaction terms for the fields h µν , A µ , and φ. Canonically normalising the (linearised) kinetic terms for h, A, φ then requires us to perform the field rescalings 4 :
After this rescaling, and remembering the overall factor of M 2 P m 2 in front of the potential in (2.1), the general interaction term {n h , n A , n φ } involving n φ fields φ, n A fields A µ and n h fields h µν is given by [15] 
where one can read off that the associated interaction scale is
where n h + n A + n φ > 3. We emphasise that smaller λ are associated with higher energy scales Λ λ . From this, and taking m < M P , it follows that the interaction suppressed by the lowest energy scale is (∂ 2φ ) 3 at Λ 5 , followed by (∂ 2φ ) 4 and ∂Â(∂ 2φ ) 2 at Λ 4 . More generally, all interactions suppressed by energy scales below Λ 3 take the form (∂ 2φ ) n or ∂Â(∂ 2φ ) n and all interactions suppressed by Λ 3 take the formĥ(∂ 2φ ) n or (∂Â) 2 (∂ 2φ ) n . Now, for any fixed values of n h and n A such that n h + n A 2 > 1, we have that Λ λ tends to Λ 3 from above as n φ tends to infinity. 5 'From above' here means that such interactions have energy scales larger than Λ 3 , corresponding to smaller λ. It is worth emphasising that this means that there are infinitely many interaction terms arbitrarily close to Λ 3 both from above and below. Figure  1 summarises these statements.
Raising the strong coupling scale
A generic massive gravity model as parametrised in the previous section is an effective field theory with irrelevant (non-renormalizable) interaction terms suppressed by the scales Λ λ . The lowest of the scales present, which depends on the choice of potential V , we will refer to as the strong coupling scale of the theory, Λ strong . Without any particular tuning of the free coefficients in the potential this scale is Λ 5 [12, 27] . This untuned theory has several problems. Most important of all, it makes the theory essentially non-predictive. Since Λ 5 ∼ 10 −11 km −1 , 6 quantum corrections are not suppressed already at scales of Λ Q ∼ 10 −24 km −1 , i.e. scales of roughly the size of the observable universe [10] . In fact, the Λ 5 interactions also excite a ghost at the same scale Λ Q [28] , so the scale where quantum corrections become 5 That is, for any > 0, interactions of the formĥ n h (∂Â) n A (∂ 2φ ) n φ are suppressed by energy scales Λ3− , for large enough n φ n h , nA. 6 This value is computed for a solar mass source, M ∼ 10 30 kg and a Hubble-mass graviton m ∼ 10 −33 eV.
important (which directly derives from Λ 5 around a given background) should indeed be seen as the effective cutoff scale of the theory in question. 7 This means that it is imperative to raise the strong coupling scale (and in the process also the scale of any would-be Boulware-Deser ghosts). In fact, even before worrying about ghostfreedom and Vainshtein screening, the requirement of obtaining a theory that is predictive over as large a range of energies as possible instructs us to try to raise the strong coupling scale of the theory as far as possible. This is what we will do in the remainder of this paper.
Vanishing combinations
From the discussion in subsection 2.3, it is apparent that in order to raise the strong coupling scale in the action (2.1) we need to begin by eliminating the lowest-order φ self-interactions and those involving φ and a single vector field, since these are suppressed by the lowest energy scales. In fact, it will turn out that eliminating the former ensures that the latter are eliminated. This can be achieved by choosing values for the coefficients in the potential of (2.1) such that the relevant Lagrangian terms are equal to total derivatives or are identically zero. Thus, we need the most general Lorentz-invariant total derivative and (non-trivial) zero combinations that can be made algebraically from a rank-two tensor. To this end, consider a 4 × 4 matrix, M , with eigenvalues λ i , i = 1, . . . , 4. We will work in four dimensions, but the discussion easily generalises. Then
where the second line comes from expanding and defining L k (M )/k! to denote the sum of all distinct products of k distinct eigenvalues, e.g.
and L k (M ) vanishes for k > 4. Newton's identities then give relations between L k (M ) and the k-th power sums:
, where parentheses denote a trace and the usual matrix product is used, i.e.
µm . Thus, Newton's identities give the following expressions for L k (M ) in terms of traces of powers of M for k = 1, . . . , 4:
For k > 4, the left-hand side of (3.2) vanishes and we get expressions such as
which identically vanish. We can also rearrange the expressions (3.
However, since L k>4 (M ) ≡ 0, we can also use (3.2) to write M m>4 as a polynomial in M m≤4 , e.g. (3.4a) gives
Hence, using the expressions (3.5), M m>4 can be written as a polynomial in L i≤4 (M ). 8 Thus, a better expansion of the potential, which has no redundancies 9 , differs from (2.3) at orders greater than four as
That this expansion contains as much information as (2.3) can be seen by substituting (3.6) and its generalisations into (2.3). Clearly, we could also expand in polynomials in L i=1,2,3,4 (h) using (3.5) . Either way, this shows that the number of algebraically independent terms at each order n is the number of partitions of n involving only 1, 2, 3, and 4, rather than p(n). For later reference, we also note that one can convert between h m and L i (K), where
8 This is a particular example of the fundamental theorem of symmetric polynomials, saying that any symmetric polynomial in the λi's can be written uniquely as a polynomial in (the non-vanishing) Li(M ). This tells us the uniqueness at each order of non-trivially vanishing expressions such as (3.4a) and that the only identically vanishing polynomial in the variables Li=1,2,3,4 is the zero polynomial (the polynomial with all coefficients set to zero). 9 There can still be terms in the re-summed action that do not contribute to the equations of motion [20] .
which is used in the resummation of dRGT massive gravity [2] . If H µ ν has eigenvalues λ i , then K µ ν has eigenvaluesλ i = 1 − √ 1 − λ i . So, using λ i = 2λ i −λ 2 i , we get, for example,
We obtain similar expressions at higher orders, which, after using (3.5), give the relations:
where all L i = L i (K). The expressions for H 3 and H 4 , which we omit, have 23 and 46 terms, respectively.
Total derivatives
Now consider the matrix of derivatives Π µν = ∂ µ ∂ ν φ, which appears in the Stückelberg replacement (2.5). In fact, L i (Π) is a total derivative for i = 1, . . . , 4, and these are the only such total derivative combinations [28, 31] . That they are total derivatives is easiest to see by noting that we can write
where the sum is over all permutations of ν k and (−1) p is the parity of the permutation. Then, by using the antisymmetry of µ 1 µ k on the η's and the symmetry of ∂ µ 1 ∂ µ k , we get
The dRGT construction
Armed with the above, one may now begin to systematically eliminate the lowest scale interactions, thus raising the strong coupling scale of the theory. Beginning with the φ self-interactions (since these are the ones suppressed by the lowest scales), it in fact turns out that all the φ self-interactions can be removed with a careful choice of the potential coefficients. To do this, one substitutes the Stückelberg expansion into the potential (2.3), isolates the φ self-interaction terms (by replacing H n with (2Π − Π 2 ) n ), and then chooses the coefficients such that at each order of Π µν = ∂ µ ∂ ν φ these are proportional to L n (Π) [1] .
Ensuring that the φ self-interactions arrange themselves into multiples of total derivatives up to fourth order determines the coefficients of (2.3) to be
and
Setting the fifth order φ self-interactions equal to some multiple of the zero combination L 5 (Π) then determines
where f 7 is left arbitrary. Similarly, at sixth order g 11 is left as an arbitrary overall coefficient. It appears, therefore, that by eliminating the φ self-interactions we pick up a free coefficient at every order. In fact, it is apparently even worse than this, since at higher orders there are more and more vanishing combinations available to set the φ self-interactions equal to, since we can consider lower order vanishing L i (Π)'s times some arbitrary polynomial. For example, at sixth order we can set the φ self-interactions equal to any linear combination of [Π] L 5 and L 6 , since these both vanish. This means that there is another redundant coefficient, which we can choose to be g 10 . However, dRGT, as uniquely defined by requiring the absence of pure φ self-interactions from the potential, is only a two-parameter family of theories 10 , not an infinite-parameter one. This means that all the apparently free parameters actually do not appear in the action. What happens is that these identically vanishing combinations of Π terms come about from identically vanishing combinations of H terms, so the arbitrary coefficients always end up multiplying zero combinations in (2.3). For example, as pointed out in [20] , at fifth order f 7 multiplies L 5 (H) ≡ 0. Due to mixing between orders in going from H to Π, f 7 will appear at orders five through ten in (2.3), and must always multiply a zero combination; indeed, at sixth order f 7 multiplies the combination L 6 − [1] L 5 ≡ 0. There are, in principle, infinitely many other terms to check if we want to proceed this way, but they are guaranteed to vanish by the observation that the combinations L i (Π) can only come about from L i (1 ± √ 1 − H), since 1 ± √ 1 − H are the only Lorentz-invariant functions of H that reduce to Π when h µν = A µ = 0. However, L i>4 vanishes identically, i.e. no matter what the argument is, so
dRGT in the improved expansion
All of this means that the set of coefficients defining a specific dRGT theory in the expansion (2.3) are not unique-we can always add some combination of L i>4 (H) terms that will affect these coefficient values without altering the theory. If we want to characterize our theory with some unique set of coefficients, we ought to use the parameterisation (3.7). This has the advantage that the general process outlined above is now modified such that all coefficients of Π self-interactions at orders greater than four need to be set to zero exactly, since there are no non-trivial vanishing combinations of L i≤4 (Π). This eliminates all redundancies that can appear from a finite number of terms and makes it clear that there are only two free parameters. It also gives another way of deriving the dRGT potential: substitute the expressions (3.8) into the generic potential in the improved expansion and tune coefficients to leave a first-order polynomial in L i=2,3,4 (K) 11 . In any case, the potential coefficients in (3.7) up to sixth order are the following (up to fourth order the two expansions are identical): We can now perform the Stückelberg expansion on this form of the potential to see the interactions between the helicity fields up to some given order, without worrying about square roots. However, without the terms up to arbitrarily high orders, we can of course only study the theory perturbatively.
The improved expansion also offers a straightforward way to see that dRGT massive gravity is only a two-parameter family of theories in four dimensions. At orders greater than four, fixing the coefficients of all pure φ-interactions at a given order to zero fixes precisely the same number of independent coefficients as are present in the full potential at the same order, so no free parameters are left after eliminating the pure φ-interactions at higher orders. The lowest orders are also fixed: quadratic order by Fierz-Pauli tuning, i.e. by requiring the linear theory to be ghost-free, and tadpole terms by requiring Minkowski to be a solution of the theory. So it is only at cubic and fourth order that non-vanishing total derivative combinations for φ exist and hence pure φ-interactions can be set to vanish up to a total derivative and not identically, leaving the coefficient of the total derivative combination a free parameter. In four dimensions these two parameters are conventionally taken to be c 3 and d 5 . In D dimensions the number of free coefficients is D − 2.
Finally, we could have stopped the tuning of the potential at any point before raising the strong coupling scale to Λ 3 . In fact, there is an infinite-parameter family of solutions with strong coupling scale Λ strong arbitrarily close to Λ 3 from below. Such theories will however generically have operators such as φ n for some large n at the scale Λ strong , which will excite a ghost-like degree of freedom at that scale [28] .
The Λ 3 decoupling limit
With the above dRGT-type tuning of the potential we have, by construction, eliminated all pure scalar interactions. The only other interaction terms below the scale Λ 3 are vector-scalar interactions of the form (∂Â)(∂ 2φ ) n . After the above tuning of the potential these terms are given by ∂ µ A νX (n) µν , whereX 15) andΠ µν ≡ ∂ µ ∂ νφ . These satisfy ∂ µX (n) µν = 0, so the (∂Â)(∂ 2φ ) n interactions also vanish with the same tuning of the potential. As a result, the strong coupling scale of these theories is Λ 3 .
In order to investigate the interactions at this scale, and hence those that are most important at low energies, we may now take the Λ 3 decoupling limit
where we have ignored the coupling to any external source. 12 For dRGT, the Λ 3 decoupling limit action, without vector terms, is [1]
The other interactions contributing at the scale Λ 3 are scalar-vector terms of the form (∂Â) 2 (∂ 2φ ) n . These terms were explicitly calculated in [32] , see also [33] . From their expression, we can see that these terms cannot be removed with a special choice of parameters and so are always present in the decoupling limit. However, the vector A always enters quadratically in this limit and this remains true when a coupling to matter is considered. As a result, the vector always appears at least linearly in the vector equations of motion. There is consequently a consistent classical solution for which the vector terms are set to zero. We will restrict ourselves to these solutions for the remainder of the paper.
The minimal model and beyond the decoupling limit
In the previous section, we reviewed how raising the strong coupling scale of a massive gravity theory to Λ 3 uniquely singles out the two-parameter model of dRGT massive gravity. Using the improved expansion (3.7) over (2.3) makes it clear that one cannot use the redundant coefficients of (2.3) to cancel physical interaction terms and further raise the strong coupling scale in this way. In this section we will discuss the so-called 'minimal model' [1, 20] , which is as a particular dRGT model corresponding to the parameter choice that makes the Λ 3 scalar-tensor interaction terms vanish. Since the decoupling limit interactions at Λ 3 vanish in this model, it is possible that, when the vector modes are set to zero, the strong coupling scale has been raised to some scale higher than Λ 3 . Here we show explicitly that the resulting scale remains asymptotically close to Λ 3 .
This result is implicit in [21] , which studied the Vainshtein mechanism in particular background solutions of the minimal model (extending the minimal model Vainshtein analysis of [34] ). In that paper, it was pointed out that interactions suppressed by energy scales arbitrarily close to Λ 3 appear in generic time-dependent spherically symmetric solutions and generic non-spherically symmetric static solutions of the minimal model. We complement this work by writing down such interactions at the level of the action without imposing any particular background solutions. Also note that in highly symmetric background solutions higher order interactions can of course vanish due to the symmetries imposed. For example, in spherically symmetric and static solutions the minimal model has no non-linear interactions up to the Planck scale [21] . Here we will focus on the strong coupling scale of the theory as determined by the presence of interaction scales in the full action.
The minimal model
From (3.17), it can be seen that the Λ 3 scalar and tensor interactions vanish for the particular parameter choices c 3 = 1/6 and
which defines the minimal model as a unique dRGT theory 13 (for fixed m 2 and M P ). Note that the kinetic mixing term 2ĥ
is still present in the minimal model. This generates the scalar kinetic term after the linearised conformal field redefinitionĥ µν →ĥ µν +φη µν , here expressed in terms of the canonically normalised fields, that demixes kinetic terms at quadratic order. 14 It is important that this kinetic term survives in the minimal model, since otherwise the presence of higher order interactions for π would make the theory infinitely strongly coupled [10, 35] .
To study the minimal model beyond the decoupling limit, we work with the re-summed version of the theory, which is given by [20] 
Throughout this section we use matrix notation, so that, e.g. g −1 η = g µα η αν .
Interaction terms in the minimal model
To study scalar-tensor interactions, we only need to consider the following term from (4.3): 4) since the other terms are invariant under diffeomorphisms and consequently will not contribute to interactions of the Stückelberg fieldφ. We can use (2.11) to determine the scale of any interaction terms after applying the Stückelberg trick, so we will ignore any coupling constants such as m 2 M 2 P in front of terms for the time being. We now define the matrix K via 5) so that (4.4) is given by
Now we introduce the scalar Stückelberg fields as in section 2.2 by replacing the background metric in (4.4) as η → η − 2Π + Π 2 , (4.8) 13 In higher dimensions, there is always a choice for the extra free parameters such that all decoupling limit interactions vanish.
14 Note that all interaction terms generated via applying this transformation to some original term inherit the same interaction scale as the original term. For example, theφ 2 ( φ ) 2 interaction generated out of â h 2 ( φ ) 2 term will inherit the scale of the latter term.
where we are ignoring vector modes as before. We also expand the inverse metric g −1 in terms of the perturbation h (which is defined by g µν = η µν + h µν )
where here, and in the rest of this section, [·] denotes a trace with the reference metric. Indices on h and Π are always raised and lowered with the reference metric η. We also write
where K (i) is proportional to h i , so that the first three orders are given by
(4.14)
Note that the higher order terms go up to arbitrary orders in h, but remain at most second order in Π due to the form of the Stückelberg trick.
Pure scalar interaction terms: scales below Λ 3
The pure scalar terms are given by
where we have used (4.6) . This is a total derivative, as expected. We see that in the minimal model the pure scalar terms vanish identically beyond first order. This is different to generic dRGT massive gravity models where pure scalar interactions up to and including fourth order in the fields vanish only up to total derivatives.
Would-be decoupling limit interactions: the scale Λ 3
Now we consider the scalar-tensor interactions at the scale Λ 3 . These are the decoupling limit interactions, which should vanish by the definition of the minimal model. From (4.6), the relevant terms are
, and
The first term comes from the following contributions:
where m 1 +m 2 = n−1 and we have used invariance of the trace under cyclical permutations. 15 We can expand and simplify the first term as follows:
where we have used the identity nc n + (n + 1)c n+1 = c n 2 (4.19) to get the first equality and the commutivativity of the trace and sum in (4.6) to get the second equality. The second term in (4.16) has already been worked out in (4.15), so the total contribution at Λ 3 is
As expected, this is just the term that survives the decoupling limit and generates the canonical scalar kinetic term after a field redefinition and canonical normalisation. No interactions survive at cubic order and higher in the Λ 3 decoupling limit in the minimal model.
Higher order interaction terms: scales Λ 3− and above
Since no scalar-tensor interactions (and hence no pure scalar interactions after demixing) survive at the scale Λ 3 in the minimal model, we now investigate what is the lowest scale associated with such interactions. This raised scale will be the new strong coupling scale of the theory in the absence of vector modes (see our discussion above) or, at the very least, will be the scale where the pure scalar interactions become strongly coupled. Establishing what this scale is requires us to go beyond the Λ 3 decoupling limit. Here we will show that, even for pure scalar modes, this strong coupling scale remains asymptotically close to Λ 3 in the minimal model. We here explicitly compute {2, 0, n−2} terms (c.f. (2.10)), which have interaction scales that asymptotically approach Λ 3 for large n, and show that these are indeed present in the action for arbitrarily large n. The generic {2, 0, n − 2} term with contraction between h and Π looks like hΠ
These differ for different k, where k runs from 1 to n − 3. If these are to vanish for a given n, they have to vanish for each k independently, since we generally cannot permute inside the trace of a product of more than three matrices. To be specific, we consider terms of the form h 2 Π n−2 and hΠhΠ n−3 and show that these do not vanish at any order in the fields in the minimal model.
Interactions beyond the decoupling limit I: From (4.6), the terms contributing to h 2 Π n−2 interactions come from
By the same reasoning as in (4.18), the first terms in (4.22) give in total
The total contribution from terms of the second type in (4.22) turns out to be
where we have again used (4.19) . The right-hand side of (4.24) can now be expanded as a Taylor series, giving, at cubic order in the fields and above, 25) which shows that scalar-tensor terms of the form h 2 Π n−2 survive to arbitrarily high orders.
Interactions beyond the decoupling limit II: Here we compute hΠhΠ m−3 interaction terms to show that these interactions beyond the Λ 3 decoupling limit also do not vanish, showing that there is nothing special about the h 2 Π m−2 interactions considered above. Contributions now come from terms of the form
.
(4.26)
For quartic order in the fields and above these give 27) where the first(second) sum contains all contributions from the first(second) term in (4.26). Just as above we therefore find that beyond-the-decoupling-limit hΠhΠ m−3 terms remain to arbitrarily high orders in the minimal model. We emphasise that (4.25) and (4.27) are the only contributions of their respective forms and so can not be cancelled by other terms.
Interactions scales: Interaction terms of the form {2, 0, n − 2}, such as the two cases considered above, after canonically normalising the fields are suppressed by energy scales 28) which asymptotically approaches Λ 3 as n → ∞. This explicitly confirms that interactions with energy scales arbitrarily close to Λ 3 remain in the minimal model beyond the decoupling limit, even though the Λ 3 decoupling limit interactions vanish. Note that the Stückelberg variables used here correspond to the helicity modes of the graviton as appropriate in the Λ 3 decoupling limit. In the minimal model, there is no decoupling limit that captures a finite set of interactions at a specific lowest energy scale and no such identification can be made, so that the fields used in the Stückelberg decomposition no longer describe helicity modes. However, we may still use this decomposition to infer the presence of particular interactions at a given scale. 16 point one should use the simpler non-redundant expansion (3.7). By explicitly constructing a non-redundant potential using Newton's identities in this way, we clarified why any massive gravity theory with a strong coupling scale of Λ 3 only has two free parameters, i.e. it is dRGT massive gravity.
Within the context of dRGT models, we also discussed whether it is possible to raise the strong coupling scale beyond Λ 3 and consequently investigated interaction terms appearing in the minimal model (the unique dRGT theory where scalar-tensor interactions vanish at Λ 3 ) beyond the decoupling limit. We explicitly showed that interaction terms remain in the action suppressed by scales larger than but arbitrarily close to Λ 3 , i.e. the strong coupling scale effectively remains at Λ 3 . 17 This is consistent with the results of [21] , although our analysis differs in that we work at the level of the action rather than assuming a particular background.
Combining the above analyses of generic massive gravity models and of the minimal model then shows that the strong coupling scale in any Lorentz-invariant massive gravity theory, even in the absence of vector modes, cannot be raised beyond Λ 3 .
